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A set X of vertices of a graph is irredundant if the closed neighbourhood of each ,x E X is not 
contained in the union of closed neighbourhoods of the vertices of X- (x}. The. upper 
irredundance number, IR(G) is the ‘largest number of vertices in any irredundant set of G. We 
prove that for any p-vertex graph G, IR(G) l IR(@ d and exhibit all graphs which 
attain this bound. 
1. Introduction 
The vertex x in a subset X of vertices of a graph is called redundant in X if its 
closed neighbourhood is contained in the union of closed neighbourhoods of the 
vertices of X - (x}. The set X is called irredundunt if it contains no vertex which 
is redundant in X. We will need the following equivalent definition in which 
&(x) denotes the open neighbourhood of vertex x in the graph G = (V, E), and 
G[X] denotes the subgraph of G induced by X. 
The set X is irredundant in G if and only if for each x E X, either 
(i) x is an isolated vertex of G[X], or 
(ii) there exists a vertex x’ such that 
xWV&)r)(V-X) and &(~‘)nX={x}. (1) 
The concept of irredundance was introduced originally in [3]. It is closely related 
to domination and independence in graphs. An excellent bibliography of existing 
results is given in [4]. 
The upper irredundance number of G, denoted by IR(G), is the maximum 
number of vertices in an irredundant set of G. Same results concerning this 
es;fPameter were established in [2]. In this paper, we prove that for any p-vertex 
graph G, IR(G) l IR(G) s VT1 and exhibit all the graphs which attain this 
upper bound. This theorem may be called a Nordhaus and Gaddum type result in 
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reference to the work of these authors on the product of chromatic numbers of G 
and G (see [6]). 
2. The result 
Theorem 1. (a) For any p-vertex graph G = (V, E), 
IR(G) l IR(G) s p*l. 
(b) G attains the bound in (a) if and only if G or its complement consists of 
independent vertices, 
vertices where G[Y] is complete and X n Y = (x), and 
(iii) any set S of edges joining vertices of X - {x} to vertices of Y - (xl. 
Proof (a). Let X, Y be irredundant sets of G, G respectively where IX!= m and 
lYl=n. Further let lXnYl=s and IV-(XUY)I=t. Then m+n-s=p-t, 
hencemn=m(p-m+s - t). Using elementary calculus and the fact that m, n 
are integral, we have 
Hence if s-tsl, then rnns 
this case. 
and the result is true in 
We now show that the situation s - t 3 2 is impossible. Suppose not and let 
xnY={xl,x*,.. . , xs}. Our assumption implies s 2 2. Either G[X n Y] or 
G[X n Y] has no isolated vertex. Without losing generality suppose that 
G[X n yl has this property. 
Since X is an irredundant set of G, it follows from (1) that for each 
i=l,. . . , s, there exists a vertex f (xi) such that 
f (xi) E NG(X,.) a (V - X) and No(f (xi)) n X = {xi}. (3) 
Further, this definition implies that f (x1), f (x2), . . . , f (x,) are distinct and since 
s > t, one of these, say f(xs), belongs to Y - X. 
By (3) f (x,) is adjacent in G to each vertex of X - Y and to each Xi, 
i=l,...,s- 1. ‘iherefore, xl, . . . , x~-~ are not isolated vertices in G[Y]. Since 
Y is an irredundant set of G, it follows from (1) that for each i = 1, . . . , s - 1 
there exists a vertex g(x,) such that 
g(Xi) E N&xi) f’l (V - Y) and N&(xi)) n Y = {Xi}. (4) 
I Upper irredundimce numbets of a graph 119 
This definition implies that &x1), . . . , g& 1) are distinct. Further, no g(xJ 
belongs to X - Y, for otherwise N&&)) n Y would contain f&J, contrary to 
(4). It follows that g&J, . . . , g(xs_l) are in V - (X U Y), which gives t a s - 1, a 
contradiction. 
Proof (b). Let G attain the bound of the theorem. It is immediate from the proof 
above that s - t = 1. Moreover, the bound of (2) is attained only when (m, n) or 
(n,m)isequalto(r+j, p+l). It will now be shown that s = 1 and t = 0. 
Without loss of generality assume as before that G[X (I Y] has no isolated 
vertices. We introduce ihe mappings f (satisfying (3) with f(x,) in Y - X) and g 
(satisfying (4)) exactly as in the proof of (a). As before, no g&J belongs to 
X-Y. Sincer=s-1, 
Md . . ..g(xs-l)}=v-(xuY). 
Firstly suppose s 2 3. Then by definition of the g(x,) each vertex of V - (X U Y) 
is adjacent in G to at least two vertices of X n Y. Therefore f(xl) cannot be in 
V - (X U Y) and hence f(xl) E Y-X. Secondly if s = 2, then clearly f(xJ # 
&x1). Therefore f(x,) E Y-X in this case also. The definition of f(x,) implies 
that f(x& is an edge of G. Therefore or, is not isolated in G[Y] and so there 
exists a vertex g(x,) such that (4) holds with i = s. Then g&J must belong to 
X - Y and hence is adjacent in G to f(x,), a contradiction. 
We now prove that G(X) has no edges. A similar argument shows that G[Yl 
has no edges, i.e. that G[Y] is complete. Let X n Y = {x1} and assume first that 
x1 is not isolated in G[X]. Consider X~E A,!&) nX. There exists a vertex 
f(x2) E Y - X such that (3) holds with i = 2. Since x&x2) is an edge of G, x1 is 
not isolated in G[Y] and therefore there exists a vertex g(xl) E X - Y such that 
(4) holds with i = 1. But then f(:~~) and g(xJ are non-adjacent in both G and G 
which is impossible. 
Thus x1 is isolated in G[X]. Similarly, x1 is isolated in G[Y]. Then if x2 is a 
non-isolated vertex of G[X), there exists a vertex f(x2) such that (3) holds with 
i = 2, contradicting the fact that all vertices in Y - (x1} are adjacent in G to x1. 
We have proved that if G attains the bound, then 
(i) V = X U Y where (X n Yj = 1 and (m, n) or (n, m) is equal to 
(ii) G[X] and G[yl have no edges. 
Conversely any graph G satisfying (i) and (ii) has X, Y independent and hence 
irredundant in G, G, respectively and hence IR(G) l IR(G) a ~~1. 
Therefore G attains the bound. This completes the proof. Cl 
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3. Consequences 
CoroUary 1. For any graph G, IR(G) + IR(G) sp + 1. 
Proof. In the proof of Theorem l(a)we have m+n-_s=p-t and s--t<l, 
hence the result. We note that Kp attains this bound. Cl 
Let y(G) and r(G) (i(G) and /3(G)) denote the smallest and largest 
cardinalities of a minimal dominating (maximal independent) vertex subset of G. 
We abbreviate y(G) by y, y(G) by 7 etc. It is well known that for any graph G, 
ysis#?s~~IR. (9 
Jaeger and Payan [5] proved that yj=~p for any p-vertex graph, while 
Chartrand and Schuster [l] proved that /3/? < , a result which can be 
obtained as a corollary to Theorem 1. 
CoroIlary 2. For any p-vertex graph G the products ii, yfl, /3fi, yr, I’p (for , 
example) are all bounded above by P2+2P 
I 1 p 4 l 
Proof. Immediate from the theorem and (5). The extremal graphs of Theorem 
l(b) in which S = 8, attain the upper bound of Corollary 2 for all of the products 
except iL Cl 
It is easily verified that all the graphs described in Theorem l(b) have 
ii < IR l IR. Therefore for any p-vertex graph, ii < P2+2P 
I 1 - 4 l 
Let p be divisible by 4 and let V(G) be partitioned into sets of equal size X, Y 
where G[X] is edge free, G[Y] is complete and the bipartite graph induced by 
X, Y is regular of degree p/4. Then i = i =$ + 1 and hence ii = (P +4)* 
16 l 
Corolky 3. The maximum value h(p), of ii among p-vertex graphs G satisfies 
P2+2P (’ ;64)2s h(p) < 4 . 
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